ジッスウ ノ シュウゴウロン ト ランダムネス ガイセツ ショウメイロン ト フクザツセイ by 木原, 貴行
Title実数の集合論とランダムネス : 概説 (証明論と複雑性)
Author(s)木原, 貴行


























$G_{\delta}$ (Borel code) $\mathcal{W}$
$G_{\delta}$ $\mathcal{V}$
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$\bullet$ $x\in 2^{\omega}$ $\mathcal{R}$
$K(x$ $n)\geq n-O(1)$ ([19, Chapter 6]).














[26, 27] - [30]
2
$2^{\omega}$ $2^{\omega}$








$(\mathcal{I})^{\mathcal{W}}=\cup \mathcal{I}^{\mathcal{W}}=$ $N\in \mathcal{I}^{\mathcal{W}}$
$(\mathcal{I})^{\mathcal{W}}\subseteq 2^{\omega}$ $\mathcal{I}^{\mathcal{W}}\subseteq \mathcal{P}(2^{\omega})$
$\mathcal{I}^{\mathcal{W}}\subseteq \mathcal{I}$ card $(\mathcal{I}^{\mathcal{W}})<$ cov $(\mathcal{I})$ $(\mathcal{I})^{\mathcal{W}}$
- Martin-L\"of Schnorr
$2^{\omega}\backslash (\mathcal{N})^{\mathcal{R}}$ $2^{\omega}\backslash (\mathcal{N})^{\underline{\mathcal{R}}}$ Martin-L\"of




$2^{\omega}\backslash (\mathcal{M})^{\underline{\mathcal{R}}}$ 1-( ) (1-generic) 1-(
$)$ (weakly 1-generic) $(\omega^{\omega})^{\mathcal{R}}$ $(\omega^{\omega})^{\underline{\mathcal{R}}}$
$\omega$
$x\in 2^{\omega}$ $(\omega^{\omega})^{\mathcal{R}[x]}$ $(\omega^{\omega})^{\underline{\mathcal{R}}[x]}$ $x$
$(2^{\omega})^{\mathcal{R}}$
2.1




van Lambalgen [41, Section 3]
(Kollektiv) von Mises
$x\in 2^{\omega}$
$y\in 2^{\omega}$ $x$ $x/y$
$x/y$ $\hat{y}(n)$ $y(m)=1$
$n$ $m$ $x/y(n)=x(\hat{y}(n))$





$\mu$ Martin-L\"of $\mu$- $x$ (hype mmune)
$\mathfrak{b}^{\underline{\mathcal{R}}}$ $g\in(\omega^{\omega})^{\underline{\mathcal{R}}[x]}$ $f\in(\omega^{\omega})^{\underline{\mathcal{R}}}$
$g\not\leq^{*}f$
2.2 (Bienvenu-Porter [8]). $x\in 2^{\omega}\backslash (\mathcal{N})^{\mathcal{R}}$ $x\in \mathfrak{b}^{\underline{\mathcal{R}}}$




ZFC $\mathcal{M}$ 1 $c\in 2^{\omega}$
$\mathcal{M}[c]$ $\mathcal{M}$ (
). $\mathcal{M}$ $\mathcal{M}[c]$
$x\in 2^{\omega}$ (never continuously mndom) ([38])
$\mu$
$x\in(\mathcal{N}_{\mu})^{\mathcal{R}}$







$P^{(\alpha)}$ $P$ $\alpha$ Cantor-Bendixson derivative
$x$ $\mathcal{R}$ Cantor-Bendixson $\Pi_{1}^{0}$ $P\subseteq 2^{\omega}$
$x\in P^{(\alpha)}\backslash P^{(\alpha+1)}$ $\alpha$ $\alpha$ $x$ $\mathcal{R}$
Cantor-Bendixson $x\in 2^{\omega}$ $K-$ ($K$ -trivial)
$K(xrn)\leq K(0^{n})+O(1)$ Chaitin $K$-
$(2^{\omega})^{\underline{\mathcal{R}}[\emptyset^{J}]}$ $K$-
Solovay $(2^{\omega})^{\underline{\mathcal{R}}[\emptyset’]}\backslash (2^{\omega})^{\underline{\mathcal{R}}}$ $K$-




1944 Emil Post $\omega$ $\Sigma_{1}^{0}$ “ ”
(immune),
(hyperhyperimmune) $\omega$
$x\subseteq\omega$ $\hat{x}$ $\omega^{\omega}$ $x\in 2^{\omega}$ $(den\mathcal{S}e$
immune) $\mathfrak{d}^{\underline{\mathcal{R}}}$ $g\in(\omega^{\omega})^{\underline{\mathcal{R}}[x]}$ $f\in(\omega^{\omega})^{\underline{\mathcal{R}}}$
$f\leq^{*}g$ Post $\mathfrak{b}^{\underline{\mathcal{R}}}$
$\mathfrak{d}^{\underline{\mathcal{R}}}$
Post Binns [9] “ ” $\Pi$01 $P\subseteq 2^{\omega}$
$\mathcal{R}$ $*2P\subseteq 2^{\omega}$ $x\in P$






1. (Borel [12]) $X$
$( \forall u\in\omega^{\omega})(\exists s\in\prod_{n\in\omega}2^{u(n)}) X\subseteq\bigcup_{n\in\omega}[s(n)].$
$m$ $X \subseteq\bigcup_{n\geq m}[s(n)]$
2. $X$ $\mathcal{R}$
$( \forall u\in(\omega^{\omega})^{\underline{\mathcal{R}}})(\exists s\in(\prod_{n\in\omega}2^{u(n)})^{\mathcal{R}})(\forall m\in\omega) X\subseteq\bigcup_{m\leq n\in d\circ m(s)}[s(n)].$
3. $X$ 3










2.4 ( [26]). $S\mathcal{N}^{\mathcal{R}}$ $\Pi_{1}^{0}$ $Q\subseteq 2^{\omega}$
$x\in Q$ $(2^{\omega})^{\mathcal{R}[x]}\subseteq(S\mathcal{N})^{\mathcal{R}}$ $Q\cap(2^{\omega})^{\mathcal{R}}=\emptyset$
$X\in 2^{\omega}\backslash (\mathcal{N})^{\mathcal{R}}$ $Q\cap(2^{\omega})^{\mathcal{R}[x]}=\emptyset$
$\mathcal{R}$
$\mathcal{R}$ ( )
2.5 ( [26]). $x\in(S\mathcal{N})^{\mathcal{R}}$
$( \forall u\in(\omega^{\omega})^{\underline{\mathcal{R}}}) \lim_{narrow}\inf_{\infty}\frac{K(xru(n))}{n}=0.$
$d$ : $2^{<\omega}arrow \mathbb{R}$
$(ma\hslash$ingale) ([19, 36]) $\sigma\in 2^{<\omega}$ $d(\sigma)\geq 0$






2.6 ( [27]). $x\in(\mathcal{S}\mathcal{N})^{\underline{\mathcal{R}}}$






2.2. $x,$ $y\in 2^{\omega}$ $(x+y)(n)\equiv x(n)+y(n)mod 2$
$X,$ $Y\subseteq 2^{\omega}$ $X+Y=\{x+y:(x, y)\in X\cross Y\}$
1. $X\subseteq 2^{\omega}$ ([7]) $N\in \mathcal{M}$ $X+N\in \mathcal{M}$
2. $X\subseteq 2^{\omega}$ 8 $N\in \mathcal{M}^{\underline{\mathcal{R}}}$ $X+N\in$
$\mathcal{M}^{\underline{\mathcal{R}}}$
$\mathcal{M}^{+\underline{\mathcal{R}}}$
3. $N\subseteq 2^{\omega}$ $x$- - $F$ : $2^{\omega}arrow\omega^{\omega}$ $\underline{\mathcal{R}}$
$y\in 2^{\omega}$ $F(y)$ $F_{y}$
$N\subseteq F_{x}$
$*$3. $\mathcal{M}^{\underline{R[x]}}$ $x$- $\mathcal{R}$-
2.7 ( - [30]). $x\in 2^{\omega}$ $(\mathcal{M})^{\underline{\mathcal{R}}}=(\mathcal{M})^{\underline{\mathcal{R}[x]}}$
$x+(\mathcal{M})^{\underline{\mathcal{R}}}\subseteq(\mathcal{M})^{\underline{\mathcal{R}}}$ $x\in(\mathcal{M}^{+})^{\underline{\mathcal{R}}}$




2.8 ( - [30]). $x\in(\mathcal{M}^{+})^{\underline{\mathcal{R}}}$











2.3 1. $X\subseteq 2^{\omega}$ ([7]) $N\in \mathcal{N}$ $X+N\in$
$\mathcal{N}$
2. $X\subseteq 2^{\omega}$ $\underline{\mathcal{R}}$ $N\in \mathcal{N}^{\underline{\mathcal{R}}}$ $X+N\in \mathcal{N}^{\underline{\mathcal{R}}}$
$\mathcal{N}^{+\underline{\mathcal{R}}}$
$\underline{\mathcal{R}}$
3. $N\subseteq 2^{\omega}$ $x$- $\underline{\mathcal{R}}$- $F$ : $2^{\omega}arrow\omega^{\omega}$ $\mathcal{R}$
$y\in 2^{\omega}$ $F(y)$ $G_{\delta}$
$\{U_{n}^{y}\}_{n\in\omega}$ $U_{n}^{y}$ $2^{-n}$
$N \subseteq\bigcap_{n\in\omega}U_{n}^{x}$




$x\in 2^{\omega}$ $\underline{\mathcal{R}}$ $x$ $0$
Schnorr (Schnorr trivial) ([19, Chapter 12]).
2.9 (Ranklin-Stephan [23]). $x\in 2^{\omega}$ $\mathcal{N}^{\underline{\mathcal{R}}}=\mathcal{N}^{\underline{\mathcal{R}[x]}}$
$(\mathcal{N})^{\underline{\mathcal{R}}}=(\mathcal{N})^{\underline{\mathcal{R}[x]}}$ Schnorr
2.10 ( - [30]). $x\in 2^{\omega}$ Schnorr $x\in(\mathcal{N}^{+})^{\underline{\mathcal{R}}}$





$\mathcal{N}^{\underline{\mathcal{R}[x]}}\subseteq \mathcal{N}^{\mathcal{R}}$ $/N^{[x]}\subseteq \mathcal{N}^{\mathcal{R}}$ $x\in 2^{\omega}$





2.11 ( - [30]). $x\in(\mathcal{N}^{+})^{\underline{\mathcal{R}},\mathcal{R}}$
$( \forall u\in(\omega^{\omega})^{\underline{\mathcal{R}}}) \lim_{narrow}\sup_{\infty}\frac{K(x\lceil u(n))}{n}=0.$
2.12 (Nies [35]). $x\in(\mathcal{N}^{+})^{\mathcal{R}}$
$(\exists c\in\omega)(\forall n\in\omega) K(x[n)\leq K(00_{\tilde{n }}00)+c.$
$(\mathcal{N}^{+})^{\mathcal{R}}$ $K$-
2.5 $K$-
$K$- $K(x|n)\leq K(0^{n})+O(1)$ Martin-L\"of
$K(x|n)\geq n-O(1)$
2
1 $K$- $(\mathcal{N}^{+})^{\mathcal{R}}$ Martin-L\"of $2^{\omega}\backslash (\mathcal{N})^{\mathcal{R}}$
$\mathcal{R}$ - [30] $(\mathcal{N}^{+})^{\underline{\mathcal{R}},\mathcal{R}}\not\in(\mathcal{N})^{\underline{\mathcal{R}}}$
- [30] $(\mathcal{N}^{+})^{\underline{\mathcal{R}},\mathcal{R}}\backslash \mathfrak{d}^{\underline{\mathcal{R}}}\subseteq(\mathcal{N}^{+})^{\underline{\mathcal{R}}}$ Chaitin $(\mathcal{N}^{+})^{\mathcal{R}}$
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Franklin [21] $x\in \mathfrak{d}^{\underline{\mathcal{R}}}$
$y\equiv\tau x$
$y\in(\mathcal{N}^{+})^{\underline{\mathcal{R}}}$
$(\mathcal{N}^{+})^{\underline{\mathcal{R}}}\not\subset(\mathcal{N}^{+})^{\mathcal{R}}$ Hianklin [22] $(\mathcal{N}^{+})^{\underline{\mathcal{R}}}\subseteq(\mathcal{M})^{\underline{\mathcal{R}}}$
$(\mathcal{N}^{+})^{\mathcal{R}}\not\subset(\mathcal{M})^{\mathcal{R}}$ $(\mathcal{M}^{+})^{\underline{\mathcal{R}}}\subseteq(\mathcal{M})^{\underline{\mathcal{R}}}$





$(2^{\omega})^{\underline{\mathcal{R}}[x]}\subseteq(\mathcal{H}^{\leq s})^{\mathcal{R}}$ Demuth $[15]$
$(\mathcal{U}\mathcal{N})^{\mathcal{R}}\not\subset(\mathcal{H}^{<1})^{\mathcal{R}}$ Greenberg-Miller [25] #
-Lewis [33] $x\in(\mathcal{H}^{1})^{\mathcal{R}}$ $(2^{\omega})^{\underline{\mathcal{R}}[x]}\subseteq(\mathcal{N})^{\mathcal{R}}$
2.6 $(T’)$
Stephen Binns [9] “ ” $(T’)$ ([37])
$X\subseteq 2^{\omega}$ $Br_{X}(n)$ $\{\sigma\in 2^{n}:X\cap[\sigma]\neq\emptyset\}$
$n\in\omega$ $Br_{X}(m)\geq n$ $m\in\omega$ $Br_{X}^{-1}(n)$
$X\subseteq 2^{\omega}$ $(T’)$ $f\in(\omega^{\omega})^{\underline{\mathcal{R}}}$ $Br_{X}^{-1}\not\leq^{*}f$
$(T’)^{\underline{\mathcal{R}}}$ $(T’)$
$(T’)$ Zindulka [42]
2.13 ([16, 26]). $(T’)^{\underline{\mathcal{R}}}$ $\Pi_{1}^{0}$ $Q\subseteq 2^{\omega}$ $Q\cap(2^{\omega})^{\underline{\mathcal{R}}}=\emptyset$
$x\in 2^{\omega}\backslash (\mathcal{M})^{\mathcal{R}}$ $Q\cap(2^{\omega})^{\underline{\mathcal{R}}[x]}=\emptyset$
2.14 ( [27]). $Q\cap(\mathcal{N}^{+})^{\underline{\mathcal{R}},\mathcal{R}}=\emptyset$ $(T’)^{\underline{\mathcal{R}}}$ $\Pi_{1}^{0}$
$Q\subseteq 2^{\omega}$
Jockusch-Soare [28] (hyperimmune-free basis theorem) #





$2^{\omega}$ $B$ $\sigma$- $\mathcal{I}_{B}$
$I:\subseteq 2^{\omega}arrow\omega^{\omega}$ B- $x\in$ dom$(\Psi)$
$I(x)\in B$ $(I)_{x}$ $I(x)$
$I$ $\underline{\mathcal{R}}$ B-




$U_{n}$ $2^{-n}$ $\mathcal{N}\frac{\mathcal{R}}{BC}$ $U_{n}$
$2^{-n}$
3.1. $\mathcal{W},$ $\mathcal{W}’\in\{\underline{\mathcal{R}}, \mathcal{R}\}$
1. $x$ test-low for $\mathcal{W}$ versus $\mathcal{W}’$ relative to $y(x\leq\tau L(\mathcal{W},\mathcal{W}’)y)$
$(\forall H’\in \mathcal{N}_{BC}^{\mathcal{W}’:\mathcal{R}})(\exists H\in \mathcal{N}_{BC}^{\mathcal{W}:\mathcal{R}}) (H’)_{x}\subseteq(H)_{y}.$
2. $x$ low for $\mathcal{W}$ versus $\mathcal{W}’$ relative to $y(x\leq L(\mathcal{W},\mathcal{W}’)y)$
$\cup\{(H’)_{x}:H’\in \mathcal{N}_{BC}^{\mathcal{W}’;\mathcal{R}})\}\subseteq\cup\{(H)_{y}:H\in \mathcal{N}_{BC}^{\mathcal{W}:\mathcal{R}})\}.$
3. $x$ strongly low for $B$ versus $C$ relative to $y(x\ll L(\mathcal{W},\mathcal{W}’)y)$
$(\exists H\in \mathcal{N}_{BC}^{\mathcal{W}:\mathcal{R}})(\forall H’\in \mathcal{N}_{BC}^{\mathcal{W}’:\mathcal{R}}) (H’)_{x}\subseteq(H)_{y}.$
$\mathcal{W}=\mathcal{W}’=\mathcal{R}$ $L(\mathcal{W}, \mathcal{W}’)$ $LR$ $\mathcal{W}=\mathcal{W}’=\underline{\mathcal{R}}$ $L(\mathcal{W}, \mathcal{W}’)$
LSch $B^{:\mathcal{R}}$ $B^{:\underline{\mathcal{R}}}$ $tt$ -low uniform low
$*$ 5.
$3.1.$ $\leq\tau LR^{=\leq}LR^{=\ll}LR$ $X\leq LRy$ $(\mathcal{N})^{\mathcal{R}[x]}\subseteq$
$(\mathcal{N})^{\mathcal{R}[y]}$
$*5$
$H\subseteq 2^{\omega}\cross 2^{\omega}$ $\mathcal{J}$ ([6, 7]) $x\in 2^{\omega}$ $(H)_{x}\in \mathcal{J}$
$x$ $(H)_{x}$ $X\subseteq 2^{\omega}$ $SR^{\mathcal{J}}$
([6]) $\bigcup_{x\in X}(H)_{x}\in \mathcal{J}$ $(x\leq LRy)$
$\{x\}$ $\mathcal{R}[y]$ $SR^{\mathcal{N}}$
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$\mathcal{D}_{LR}$ $2^{\omega}$ $LR$ $LR$ Nies [35]
([1,4,5]).
3.1 ( - [30]). $LR$
1. add $( \mathcal{N})=\min${$card(X)$ : $X$ $\mathcal{D}_{LR}$ };
2. cof $( \mathcal{N})=\min${card(X) : $X$ $\mathcal{D}_{LR}$ }.
$\mathcal{W}$ ZFC $z\in 2^{\omega}$
$g\in(\omega^{\omega})^{\mathcal{W}[z]}$ $g\leq^{*}f$ $f\in(\omega^{\omega})^{\mathcal{W}}$ $\mathcal{W}$
ZFC
$\underline{\mathcal{R}}$
Dobrinen-Simpson [17] $x\in 2^{\omega}$ (almost eve where
dominating) $z\in 2^{\omega}$ $g\in(\omega^{\omega})^{\underline{\mathcal{R}}[z]}$ $g\leq^{*}f$
$f\in(\omega^{\omega})^{\underline{\mathcal{R}}}$ $f$ $g$ $x$
(almost evewwhere uniformly dominating)




( $h$ -bounded slalom) $\omega$ $T$ $S_{T}(n)=\{T(\langle n, s\rangle)$ : $\langle n,$ $s\rangle\in$
dom$(T),$ $s<h(n)\}$ $s_{\tau\in\prod_{n}[\omega]^{h(n)}}$ $T$ $h$-
$S \in(\prod_{n}[\omega]^{h(n)})^{\underline{\mathcal{R}}}$ $h$-
$T\in(\omega^{\omega})^{\mathcal{R}}$ $h$- $S_{T}$ $\mathcal{R}$ $h$-
$SL_{h}$ $h$- $h(n)=n$ $SL$
([7]).
3.2 ([19, 36]). 1. $x\in 2^{\omega}$ (computably tmceable)
$(\forall f\in(\omega^{\omega})^{\underline{\mathcal{R}}[x]})(\exists S\in SL^{\underline{\mathcal{R}}})(\forall^{\infty}n\in\omega) f(n)\in S(n)$ .
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2. $x\in 2^{\omega}$ ( $c.e$ . tmceable)
$(\forall f\in(\omega^{\omega})^{\underline{\mathcal{R}}[x]})(\exists S\in SL^{\mathcal{R}})(\forall^{\infty}n\in\omega) f(n)\in S(n)$ .
3. $x\in 2^{\omega}$ $h-$ ( $h$ -ium$P$ tmceable)
$(\forall f\in(\omega^{\omega})^{\mathcal{R}[x]})(\exists S\in SL_{h}^{\mathcal{R}})(\forall^{\infty}n\in$ dom$(f))$ $f(n)\in S(n)$ .
4. $x\in 2^{\omega}$ (strongly ium$P$ tmceable)
$(\forall f\in(\omega^{\omega})^{\mathcal{R}[x]})(\forall h\in(\omega^{\omega})^{\underline{\mathcal{R}}})(\exists S\in SL_{h}^{\mathcal{R}})(\forall^{\infty}n\in$ dom$(f))$ $f(n)\in S(n)$ .
5. $x\in 2^{\omega}$ $tt-$ (computably $tt$ -tmceable)
$(\forall u\in(\omega^{\omega})^{\underline{\mathcal{R}}})(\exists S\in SL^{\underline{\mathcal{R}}})(\forall^{\infty}n\in\omega) x[u(n)\in S(n)$ .
6. $x\in 2^{\omega}$ $tt-$ ( $c.e.$ $tt$ -tmceable)
$(\forall u\in(\omega^{\omega})^{\underline{\mathcal{R}}})(\exists S\in SL^{\mathcal{R}})(\forall^{\infty}n\in\omega) x[u(n)\in S(n)$ .
$(\forall^{\infty}n\in\omega)$ $(\exists^{\infty}n\in\omega)$
( $i.0$ . tmceable) $(\exists h\in(\omega^{\uparrow\omega})^{\underline{\mathcal{R}}})(\forall k\in\omega)(\exists n\in$
$[h(k), h(k+1)))$ ( $c.0$ . tmceable)
2 $S$ $\mathcal{T}$ $x\in 2^{\omega}$
$(S)^{[x]}\subseteq(\mathcal{T})$ low for $\mathcal{T}$ versus $\mathcal{S}$ ([19, Chapter
11, 12] $)$ . $(\mathcal{N})^{\mathcal{R}[x]}\subseteq(\mathcal{N})^{\mathcal{R}}$ low for mndomness
$X\leq LR\emptyset$ $K$-
3.2. $x\in 2^{\omega}$
1. ([40]) $(\mathcal{N})^{\underline{\mathcal{R}}[x]}\subseteq(\mathcal{N})^{\underline{\mathcal{R}}}$ $\Leftrightarrow x$
2. (32) $(\mathcal{N})^{\underline{\mathcal{R}}[x]}\subseteq(\mathcal{N})^{\mathcal{R}}$ $\Leftrightarrow x$
3. (20) $(\mathcal{N})^{\underline{\mathcal{R}[x]}}\subseteq(\mathcal{N})^{\underline{\mathcal{R}}}$ $\Leftrightarrow x$ $t$
4. (23) $(\mathcal{N})^{\underline{\mathcal{R}[x]}}\subseteq(\mathcal{N})^{\mathcal{R}}$ $\Leftrightarrow x$ tt-
5. ([24]) $(\mathcal{E})^{\underline{\mathcal{R}}[x]}\subseteq(\mathcal{N})^{\underline{\mathcal{R}}}$ $\Leftrightarrow x$
6. ([24]) $(\mathcal{E})^{\underline{\mathcal{R}}[x]}\subseteq(\mathcal{N})^{\mathcal{R}}$ $\Leftrightarrow x$
7. (30) $(\mathcal{E})^{\underline{\mathcal{R}[x]}}\subseteq(\mathcal{N})^{\underline{\mathcal{R}}}$ $\Leftrightarrow x$ tt-
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8. ([30]) $(\mathcal{E})^{\underline{\mathcal{R}[x]}}\subseteq(\mathcal{N})^{\mathcal{R}}$ $\Leftrightarrow x$ tt-
9. ([24]) $(\mathcal{E})^{\underline{\mathcal{R}}[x]}\subseteq(\mathcal{E})^{\underline{\mathcal{R}}}$ $\Leftrightarrow x$





$(\mathcal{N})^{\underline{\mathcal{R}}[x]}\subseteq(\mathcal{N})^{\underline{\mathcal{R}}}$ 8 add $(\mathcal{N})$
$(\mathcal{E})^{\underline{\mathcal{R}}[x]}\subseteq(\mathcal{N})^{\underline{\mathcal{R}}}$ add$(\mathcal{E},\mathcal{N})=$ cov $(\mathcal{M})$
$(\mathcal{E})^{\underline{\mathcal{R}}[x]}\subseteq(\mathcal{E})^{\underline{\mathcal{R}}}$ $(\mathcal{M})^{\underline{\mathcal{R}}[x]}\subseteq(\mathcal{M})^{\underline{\mathcal{R}}}$
$\underline{\mathcal{R}}$ add $(\mathcal{E})=$ add $(\mathcal{M})$
$\mathcal{R}$ $K$-






Denjoy alternative Demuth (Demuth
mndomness) ( $\underline{\mathcal{R}}$ $\mathcal{R}$ )
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